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Outline

o Lattice QCD: methods and status

* Five precision tests of the standard

model:

1)
2)
3)
4)

5)

K > 7 rdecay and direct CR: &’
K, — K5 mass difference

_ong distance contribution to g,
_ong distance contribution to rare

Kaon decay. K*'> z7fvv
Muon g-2
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State-of-the-art
Lattice QCD



Lattice QCD

* Introduce a space-time lattice. ~

» Evaluate the Euclidean Feynman z
path integral :
— Study e Hacnt 5
— Precise non-perturbative formulation =
— Capable of numerical evaluation

Y (ne IO ) = [ d[U, (m)]e™ " det(D+m)O[U(1)

n

» Evaluate using Monte Carlo importance sampling with
hybrid, molecular dynamics/Langevin evolution.

 Integration volume of 1 billion dimensions.
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Lattice QCD — 2016

Physical quark masses (ChPT not needed)
Chiral quarks (doubling problem solved)
Large physical volumes: (6 fm)3

Small lattice spacing: 1/a = 2.4 GeV
— (Aqcp @)? effects < 1%
— (Mg, a)? effects ~20% @
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Elaborate methods required

 Use 5-D, domain wall lattice
fermions — physical quarks
bound to 4D boundaries

« Measurements on 643 x 128 ensembles sustain
> 1 Pflops on 32 BG/Q racks at ANL.

« Compute 2000 lowest Dirac eigenvectors to
speed up Dirac operator inversion.

 KNL chip has 68 cores, each with 4 thread and
two 512-bit wide, pipelined FPUs.

« Broad collaboration and substantial funding

needed.
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UKQCD Collaboration
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— Tadeusz Janowski ~ H'ﬁﬁl)ﬂtsh Garron -
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Precision tests of the Standard Model

Direct CP violation K> =«

&'| = 3.70(53) X 106 "" <

Indirect CP violation K> 7« LW
£|= 0.002228 (11) — VWV
e yu,e,t pu, et gl
My, — My = 3.19(41)(96) x 10-12 MeV AR
K* > z*v v, BR=1.73 *} )2 x 1010 £ ;,.

g,~2 = 0.00116592089(63) § g

¥ o
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K> 7z Decay

2016 (10

)



K > 7 7 and CP violation

 Final 7 states can have [ =0 or 2.

(nn(I =2)|H,|K® = A,e'™ Al = 3/2
(m(I = 0)|Hy|K®) = Age'™ Al =1/2

« CP symmetry requires A, and A, be real.

* Direct CP violation in this decay is
characterized by:

As
Ao

. j @929

RNV

ImA,>, ImAj Direct CP
Red, Redq violation
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Low Energy Effective Theory

100 GeV
* Represent weak interactions _ _
W Z
by local four-quark e
. hY
Lagrangian d
10
P Gr _ ; E-W and QCD
AxeEL * ». y, )
H = EVM Vo {Z[Hl () + tyi (/_{,)] Ql} Perturbation
b=l Theory
ud ¥ yg - < i
* Vyo— CKM matrix elements
Lattice
e z;and y; — Wilson Coefficients QCD

=0
300 MeV <K'|Hy |nn>

Q; — four-quark operators
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Local four quark operators

Current-current

operators /\ } Lt
o Electro-Weak v Jus i
Q1= (Sudo)v-aliigug)y-a P : Ta g i
0> = Sudp)v_alliptie)v—a engl;ms T I 7
@ s Q7= z(anda)V—A Z eq(éﬁ‘]ﬁ)V—l—A
QCD Penguins s s : e
s . Q8 = E(Soadﬁ)V—A _z;{ eq(@ﬁ%)VJrA
03 = Guda)v—s Y (qﬁqﬁ)v 4 ; e
G=uds Qo = SGud)v-1 ), €(@sdp)v-s
04= Gudp)y-a Y (Gp4e)v-a ; q=u.d.s
s Q1= >Gudp)v-s Y_ e,
wdg)v_4 (g )v—a
QS (Sad )V A4 Z (q,BQﬁ)V-I—A 2 g=u,d,s
g=u,d,s
Qs = Gudp)v-s ) (@p4e)v+a
g=u,d,s
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Physical = = states
Lellouch-Luscher

Euclidean e Haco! projects onto
|7z (p = 0))

Exploit finite-volume quantization. | .- - /

p =27/

Boundary conditions give ground state with physical p
« Al =3/2: impose anti-periodic BC on d quark
« A1=1/2 :impose G-parity BC

Correctly include 7- 7 interactions, including normalization
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Calculation
of A,



A = 3/2 — Continuum Results
(M. Lightman, E. Goode T. Janowski)

Use two large ensembles to o] =g
remove a2 error (m =135 MeV, .| ===

L=5.4 fm)
« 483x 96, 1/a=1.73 GeV
« 643x 128, 1/a=2.28 GeV

Continuum results:
Re(A,) = 1.50(0.044,) (0.14),4x1078 GeV
IM(A,) = - 6.99(0.20),, (0.84),x 103 GeV

Experiment: Re(A,) = 1.479(4) 108 GeV
E__ > 6, =-11.6(2.5)1.2)
Phys.Rev. D91, 074502 (2015)

Im A, [GeV]
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Al=1/2 Rule

(Qiu Liu)
Compare A, and A,/22.5
6E-08
5E-08 °
4E-08 gg
i 3E-08 s vy i
S 2608 5 mA0/22.5 4
< ] =
i 1E-08 (5\1
<E\l ° 0 200 400 600

« 50 year puzzle resolved!
* A dynamical QCD effect — no more explanation needed?

3.0

2.5

2.0

1.5

1.0 -

0.5

0.0

Cancellation in A,

i

Rap! %§§§§@@@@@m
%éé@@ Tpo

¢ s,

i @@@memmmm@®°¢@°®@®@@ )

0 |4 |8 1|2 1|6 2|0 24

t
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(Qiu Liu)
Compare A, and A,/22.5

6E-08

5E-08 °

4E-08 gg
i 9E08 g e A2 i
J ] >
Z 2E-08 . 5 mA0/22.5 %
i 1E-08 (5\1
<E\l ° 0 200 400 600

« 50 year puzzle resolved!
* A dynamical QCD effect — no more explanation needed?

3.0

2.5 L]
2.0 F11
15 ]
1.0 |

0.5 F

0.0

Al=1/2 Rule

Cancellation in A,
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Calculation of
A, and &'



Overview of calculation
(Chris Kelly, Daigian Zhang)

e Use 323 x 64 ensemble
— 1/a = 1.3784(68) GeV, L = 4.53 fm.

— 216 configurations separated by 4
time units

— 900 low modes for all-to-all
propagators

— Solve for 77z and kaon sources on
each of 64 time slices
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Al="% K-> nrr —above threshold
(Chris Kelly & Daigian Zhang)

» Use G-parity BC to obtain p_ = 205

MeV (Changhoan Kim, hep-lat/0210003)
_ G — C eiﬂ/y +d U ——
— Non-trivial: ( . ) N ( d_) "’T
d —U ™ ;:z"" <
ik a
— Extra I =1/2, s’ quark adds e kL error.

— Tests: fyand By correct within errors.
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Overview of calculation

* Achieve essentially
physical kinematics: ’
— M_ = 143.1(2.0) |
— M, =490.6(2.2) MeV
— E__= 498(11) MeV

1.0:1 n'4 ||||| ) G — —r F—" — [ —, C— T— T T T T -

f C%? ; | fi s %(% |
— My =0.001842(7) “%Wﬁ § {
 Error in ensemble Y R
generation
(u and d quark forces Average plaquette
computed from the same Correct ensemble 0.512239(3)(7)

random numbers after shift

by 12 in y-direction) Incorrect ensemble 0.512239(6)
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| =0, zx— 77r correlator

Determine normalization of

zrrinterpolating operator G er<argy
Determine energy of finite wul[C o

volume, | = 0, zrstate: o 2

E__= 498(11) MeV o d '

. Ltil)0.37- e c} % <}> ®
Determine / = 0 zz phase o & i o
shift: & = 23.8(4.9)(2.2)° »\
Phenomenological result: % \+ D

L
oy = 38.0(1.3)° [G. Colangelo] \

K mass
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Al =Y. K =2 7 7 matrix elements

Vary time separation between H,, and 7z operator.

Show data for all K — H,,, separations {5 - tx > 6 and

t

v

Fit correlators with t_ - {5, >4
Obtain consistent results for f -, >3 or 5

0.02

0.015 }
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Results

* Determine the complex 4/=1/2 amplitude A,

— Re(A,) = (4.66 + 1.00,,, + 1.26 .. ) X 107 GeV

sys )

— Expt:  (3.3201 + 0.0018) x 107 GeV

— Im(A) = (-1.90 + 123, + 1.08,,. ) x 10" GeV

sys )

« Calculate Re(g'/¢):
* Re(e'/e) = (1.38 £ 5.154, + 4.59 ¢ ) x 10
— Expt.: (16.6 +2.3) x 10

— 2.1 o difference
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KO — K° Mixing

I

- CPviolating: p~m, . —1/mMezsmlwl ;mdy
2 | ReM 5 — %Ref 0 ReAj
W
YAy d s
KO Y C I FO q KOXFO
e VAVAVAVAV e 3 d
N d
» CP conserving: p <m, mg, —mg, = 2Re{M,5}
d W= S d S
K0 Yu, C AU, C 70 % KO u, C Ou,c KO
S W+ d S d
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K® — KO Mixing

« A S=1 weak decay allows K° and K° to decay
to the same ~—r state

* Resulting mixing described by Wigner-
Weisskopf:

d [ K7 _{(Moo Moa)_i(Foo Foa)} K"
di\ K |\ Mz, Mg ) 2\ Iy I' K

where

Iy =2n Zfzm dE(i|Hy |a(E){a(E) Hy|])0(E —mg)

M, — pr;o (i1 Hw|a(E)) (@(E)| Hy|j)

o mK_E
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Lattice Version

« Evaluate standard, Euclidean, 2" order K° — K°
amplitude:

A = <0|T(K°(rf)§ [ dis [ dity Hy (1) Hy (i) K° (a-)) 0)

s 7] . d
_ H, . -0
K'(t;) | K(t))

1, t <
d 1
tﬂr tﬂ
= > € > =
t - t, t, - L, t, -t
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Interpret Lattice Result

© @

—0
Mt K | Hy|n){n|Hw|K°)
A2 ,—Mi(tr—t) { w 1) —
A = Nze Zn: iyp— ( (1 — 1) MK—E
(Mg—En)(tp—ta)
FV ¢
1. Amy Y- )
2. Uninteresting constant @

3. Growing or decreasing exponential:
states with E, < m, must be removed!

* Finite volume correction:

|H1,;|n )(n|Hw|K") ,d(¢ + do) E b .
M = 22 Mx—E. 2~ | (no| Hw | K°)[* cot(@ + 80) |,

(N.H. Christ, X. Feng, G. Martinelli, C.T. Sachrajda, arXiv:1504.01170)
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KL R KS
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difference



K, — Ks mass difference

* My, -My. =3.483(6) x 10-'> MeV: sensitive to
1000 TeV scale physics.

» Perturbative result integrates out charm and
shows poor convergence (Brod and Gorbahn)

* We must include charm quark (GIM)

Type 1 | Type 2

Tvpe 3

a &
s

Type4

i 3
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T T T T T T

N il

B u
5
T z
T ooge B » R
5 iy 1
S
= %
€ 4
(=] "4
&

AM, Present Results
(Ziyuan Bai)

o Q- Q,, x’/do.f=042(0.52)
o Q- Q. x"/do.f=0.44(0.51)
x Q. Q,, x/do.f=0.78(0.72)

m, =750 MeV, M_= 170 MeV
Disconnected contribution small

AM, x 1012 MeV

Types 1-4 | 3.26(63)

Types 1-2 | 4.19(15)

n

0

T

0.27(14)

zr, =0 |-0.097(49)

o, 1=2 -6.56(6) x 10

Dey

0.029(19)

Expt.

3.483(6)

7z contribution ~2% and FV correction ~0.5%
New 643x128, 1/a=2.38 GeV, m_=1.2 GeV, M_= 140 MeV
60 configs: AM, =4.0(2.4) x 107> MeV (60 - 2007?)
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Long distance
part of &

/2016 (34
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K° — K° mixing: Indirect CP Violation

CP violation leads to K, and K states which are not CP
eigenstates:

oo Kereko K 4 ey i [InMy - Sindy
S ReMy5 — LRel

;=
J1+ [P V1+[eP ’

— _ ) IIIIAO
Here ¢is closely relatedto ex = ¢ + 1
R@AO

Where |&,| = (2.228 +0.011) x 103

— Short distance prediction [W.Lee, 1611.04261]:
|| = 1.69 £0.17

— Long distance estimate [Buras, et al. 1002.3612] :
results in 6% reduction
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AS =1, four-flavor operators
(Ziyuan Bai)

» Choose appropriate N;= 4 effective Hamiltonian:

2 6
—1- — (;F * ’ *
q.q'=u.c i=1 (=3

—

Q1" = (Eiq})V—A(qjdi)V—A
a ) _ — current x current
> = (Siqi)V—A(qjdf)V—A
Qs = (sidi),_, Z @9/)y_,4 ]
g=u.ds.c
Qs = (Eidf)V—A Z (aj%)V—A
g=u.d.s.c . QCD penguin
0s = (5idi)y,_, Z (qqu)V—i-A
g=u.ds.c
Qs = (5:d;)y_, Z (ajqj)V—i—A
g=u,d.s.c -
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Diagrams for A, 4, contribution to g
(Ziyuan Bai)

* Identify five types of diagrams

type 1 type 2

type 3 type 4
d &

d — : - : d u—c  C S
OO0 . o OO0
: ¢ d 3 .
‘-:1?2’-’;:1?2 4 $
OO0 Lo N

s m-cc 4 type 5

i=12j=23456
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New AS = 2 counter term
(Ziyuan Bai)

Subtract X;(z0) (5y¥(1-72)d) (5y¥(1-7%)d) to make
off-shell Greens function vanish at p;® = 2

Define infrared-safe Rome-Southampton
normalization for bi-local operator.
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Progress toward long-distance part of g4
(Ziyuan Bai)

 Compute NLO (one-loop) conversion
from bilocal Rl to MS

 Preliminary

Hrr | ImMgy R | Im Mgy “RI=MS | Tm Mg, “4cer | contribution to £x
1.54 | -1.30(69) 0.352 -0.95(69) | 0.186(135) x 102
1.92 | -1.49(69) 0.476 -1.01(69) | 0.199(135) x 1077
2.11 | -1.58(69) 0.537 -1.04(69) | 0.205(135) < 1073
2.31 | -1.65(69) 0.599 -1.05(69) | 0.206(135) x 102
2.56 | -1.73(69) 0.674 -1.06(69) | 0.207(135) x 103

¢ lad = 2.228(11) x 103 expt.
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Rare Kaon
Decays
K" 5 7ntvvy



Ktr—2> 7tvv
(Xu Feng)

S Ut

« Flavor changing neutral - §
W

Ql

current W

— Allowed in the Standard Model
only in second order

— Short distance dominated v
« Target of NA62 at CERN
— 100 events in 2-3 years

— Test Standard Model
prediction at 10% level

— Use lattice for long distance
part: 5% effect ?
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K*-> 7*v v in the Standard Model

S u,C,t d

i

1 1
» Factors of ;= or 575 force the largest

contribution to come from short distance

E Top quark contribution largest.
Pert. Th.= > 2

. . m, —m,
» GIM implies charm-up ~———"In(My/m)
- W
2
mC

My,

Lattice { Long distance part ~
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K*-> n*v v at long distance

W

Use lattice QCD Known {z*|V,|K™")
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VA

=

!

d

S

« forK'> 7ty

d

V

|

T
N
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Heg = +——= 1
B

Hy forKf> ntv v

Q

d

S (v0# T+ 0 7) + Y 0f + ¥ 1,00 (0
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Hy forKf> ntv v

d
174
\
G _ _
Ho = +—=1 3" (V(;; =t quog‘f—o) + Y 07+ ) 1,0t 40y
\/5 q=i,c {=e pu,1 g=u.c
L {=ep.T /]\ T Y,
0= = Cas=1GDv-alvi)y_a | |OF = CL5atp)v-a@pday-a + Co(Saga)v—a(Gyds)v—a
0= = Cas—o(@d)v_a(lvi)y_4 O = COE 2 Gdv-aeve)v-s
=e T

0f =Cz Y (T{gy,(1 = y5)q — Qumgsin* Owqyuq) Ty, (1 — ys)l

qg=u.c.d,s
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Exploratory Lattice Calculation

¢ 163 x 32, RBC-UKQCD ensemble

— 2+1 flavor DWF, 1/a =1.73 GeV
— M_=420 MeV, M, = 540 MeV,

— m, (2 GeV)MS = 863 GeV
« Calculate all diagrams

« 800 configurations
 Low-mode deflation with 100 modes

 Place sources on 32 time slices

* Treat internal lepton as an overlap fermion
moving in an oo time extent.
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Preliminary results: charm

W-W Z-exchange W-W + Z-exchange
] 51" [ N DL L L L B ettt
C Unrenormalized <: /
025 ] | |e—e RlI-renormalized [0-25 :—W
&L ] E—d APc.u - 7]
M P -k -
02 3 0.1 e 02F -
0.15 . 15| /
0.1 —0.05 —0.1F
B 1
- i “***:i

0.05 ;//’f_j

0.05

%

e

perturbation
theory

-

bare lattice

\

RI lattice

1 I 1 I 1 I 1 I 1 I 1 B 1 I 1 I 1 I 1 I 1 I 1 I B 1 I 1 I 1 I 1 I 1 I ]
-0.0 | | 40.05 \
0(51 1.5 2 25 3 35 4 1 1.5 2 25 3 35 ) I 1.5 2 25 3 35 4

Mg = Hys [GeV]

Peking Univ. 12/01/2016

Complete
lattice

(48)




Overview

« Decay rate is short distance dominated:

Tmi 2 Reh. Rex :
Bl" = K+(1—|—AEM) {( k4 rX(X;)) —I_ ( A‘ Pc —I_ AS IX(-XI)) }
| ] | | ]

J
| | I
0.270 x1.481 -0.974x0.365  -0.533 x1.481
« Charm contribution is less than top but is significant
(removing charm lowers BR by 50%).

* Result for P,:

— Perturbation theory [Buras, et al.,1503.02693]: P.=0.365(12)

— LD correction [Isidori, et al., hep-ph/0503107]: 6P,, = 0.04(2)
(estimate of non-perturbative and (1qcp/m,)? effects)

— Exploratory lattice result: AP, ,=0.0040(13)(32)

(replace PT estimate of bilocal matrix element with
result of lattice evaluation)
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g- 2 for the
muon

Peking Univ. 12/01/2016  (50)



g- 2 for the muon

« Because of the larger muon mass, a_=(g - 2)/2 is
sensitive to new physics at high energy

F>(q?)
4m,,

(1P )| 10| e (p.s)) = —eu(p'.s.) (F1 (G@)ys +i {1, J/p}qp) u(p.s)

o
aM:Fg(O):g+O(a2)+...

« Tantalizing 3o difference between the standard
model prediction and experiment where o~ 72 ppm

« However, QCD enters at order a2 :

g=p —pv
! p P’
— C e gl

HVP HLbL
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Muon anomalous magnetic moment

Current status:

(9,-2)/2 x

SM Contribution

Value + Error Ref

QED (incl. 5-loops)
HVP LO

HVP NLO

HVP NNLO

HLbL

Weak (incl. 2-loops)

116584718.951 £ 0.080  [3

SM Total (0.51 ppm)

Experiment (0.54 ppm)
Difference (Exp— SM)

]
6949+ 43 [1]
—08.4+0.7 [4, 5]
124401 [5]
105+26 [6] =
153.6 1.0 [7]
116591840 + 59 [3]
116592080 + 63 [2]
240+ 87 (3]
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Use lattice QCD to calculate HLbL

quarks in
gauge field
background

photons

(Luchang Jin)

« Compute connected and leading
disconnected parts.

muon

;o fooq
¥,0 Ly P

* Important challenge for lattice QCD

— Treat E&M through an expansion in a ¢y,

— Massless photon introduces new problems

* Perform three-loop calculation by summing
stochastically over x and y

Peking Univ. 12/01/2016
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Use lattice QCD to calculate HLbL

« With quarks localized by fixed x and y, we
can compute a_directly from the moment

[Blum, et al., 1510.07100]; /i — %fd%» (7 x i)

/ Fr=X-y
FO)_ -, = - 1 L = =(F F -
) u(0,s)Xu(0,s) = : Z XopX m(O,S)f(E, —E,z,xop)u(O,s)
¥.Z,Xop
7 * No need to extrapolate

to g2 = 0.

« Test by replace the
quark by a muon loop:
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1(0)/(er/m)?

0.35
0.3
0.25
0.2
0.15
0.1
0.05

Test for muon loop

Limit of vanishing lattice spacing

Infinite volume limit

I I I I ! | ! U4<
Chag, 1 0.35
i -a ] ) 0.3 |
- o - | % 0.25 |
B " D i T i = 02r
) Ty =l = ot
- e 4 Y f
- 1 0.05
] ] ] ] ] ] ] 0
0 05 1 15 2 25 3 35 4 0
a? (GeV™?)

0.02 0.04 006 008 01 012 0.14
L/ (myL)?

[F2(0)] yuaa /(0r/7)* = 0.3679(42) — 1.86(11)/(m,L)?,

[Fo(0)yy, /(er/m)” = 0.3608(30) — 1.92(8) /(m,, L)°,

[F3(0))py /(c/m)® = 03710052921

?
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Muon anomalous magnetic moment

« Large improvement over early lattice gauge treatment
of both gluons and photons [Blum et al,1407.2923]:

g = 0 Nprop = 26568 —O—i

: 0.12 T T T T T T
Earlier

method

0.1 -

0.04

T {@ ~__

Fy(q*)/(a/7)?

0.02 | } \-x moment

. method

-0.02 - { -

-0.04 | 1 1 1 1 1
0 5 10 15 20 25 30 35
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Result for HLbL

« 483x 96 and physical pion mass result:
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« Expect sizable finite volume and discretization errors:

m . .

af Pl = (—6.25 + 0.80) x 1071

a;, Pl = (5.35 £ 1.35) x 1071
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Outlook

 Lattice QCD is now capable of 1st-principles
calculation of:

—Ko>nn,Al=3/2and 1/2, &'l¢

— My, — My and long distance. contribution to ¢
— Long distance parts of K> 711, K> nvi

— Hadronic light-by-light scattering part of g -2

* First realistic calculation of AM, underway

* Must wait for next generation of computers
to accurately include charm
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